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Abstract. In this paper, the link between the singularity manifold equation and the
pseudopotential equations is found for non-linear evolution equations both in 1+1 and
2+1 dimensions. Many examples are given: Burgers, Korteweg—de Vries, modified
Korteweg—de Vries, Harry Dym, a higher-order Korteweg—de Vries, Sawada—Kotera, Kaup-
Kuperschmidt, Kadomtsev—Petviashvili, Boussinesq, modified Kadomtsev—Petviashvili, and
(2 + 1)-dimensional Sawada—Kotera equations.

1. Introduction

In Weiss et al (1983) the Painlevé property for partial differential equations was
established. Since then many papers have been dedicated to its applications. Weiss
himself applied the Painlevé analysis to various equations (Weiss 1983, 1984, 1985a, b).
In Nucci (1988a, b) it was shown that if the equations satisfied by the pseudopotential
{(Wahlquist and Estabrook 1975) are of a Riccati type, then one can easily obtain
both the Lax equations and the auto-Bécklund transformation for the corresponding
non-linear evolution equation in both 1+1 and 2+1 dimensions. In the present paper,
we show how to obtain the singularity manifold equation. The paper is organised as
follows. In §2 the general idea is established through the properties of the Riccati
equation. In §3 several examples in 1+1 dimensions are given: Burgers, Korteweg—de
Vries (KdVv), modified kdv, Harry Dym, higher-order Kdv, Sawada-Kotera (SK), and
Kaup-Kupershmidt (KK) equations. In §4 there are some examples in 2+1 dimensions:
Kadomtsev—Petviashvili (KP), Boussinesq, modified XP, and (2 + 1)-dimensional SK
equations.

2. Riccati equation and integrability properties

Figure 1 shows well known properties of the Riccati equation (Hille 1976) on the
dependent variable v and independent variable x: the cross ratio of four solutions v,
(i = 1,2,3,4) is a constant; it is formally invariant under a M&bius transformation
(a,b,c,d = constants, ad — bc # 0), i.e. another Riccati equation on the dependent
variable v* can be derived; there is a transformation to a linear second-order differential
equation on the dependent variable r, which can be transformed into a third-order
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differential equation, on the dependent variable w, involving the Schwarzian derivative,

ie.
w' 4 1 w” 2
=2y o2 2.1
=) -3 (%) =
Note that in figure 1 the Riccati equation has the coefficient of u? equal to a constant
k and the linear term is missing to apply the transformation which leads directly to the

same third-order differential equation in w. Now, let us consider non-linear evolution
equations in 1+1 dimensions:

4, = H(q,9: 9 Qs -+ ) (2.2)

As in Nucci (1988a), we assume there exists a pseudopotential u = u(x, t) such that

u, = Fy(q@)u’ + F,(q)u + Fy(q) (2.3a)
U =G, 4,95 q4y--) (2.3b)

with G a polynomial of second order in u. The system (2.3) is subject to the integrability
condition u,, = u,, whenever (2.2) is satisfied. If we can find a pseudopotential u for
(2.2) such that F, is a constant, say k, then we obtain the Lax equations from (2.3) by
means of:

y= —%(ln v). (24)

with y the spectral function. If the equation satisfied by u, obtained by eliminating ¢
from (2.3), is invariant under the Mobius group, i.e. if

. a+bu

u' = T (2.5)

then, combining
u, = Fp(q")u™ + F\(q")u" + Fy(q") (2.6)

and (2.3a) by means of (2.5), we obtain the spatial part of an auto-Bicklund transfor-
mation for (2.2), q° being another solution of (2.2). The time part is obtained from
(2.3b) in a similar way. In Anderson and Ibraghimov (1979), the recurrence of the
cross ratio property both in Riccati equations and auto-Bédcklund transformations was
remarked. Finally, we get the singularity manifold equation with dependent variable
¢ = ¢(x,t) through the Lax equations and

¢=vy /v, 2.7

with v, and p, being two linear independent solutions of the Lax equations. If there
exists a pseudopotential u such that (2.3a) is given by

u, = ku® + Fy(q) (2.8)
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|  Riccati equation

(v1 —vs)(va — v4)

! — L2 =
v (.’E) = kv (:L‘) + fo(m) (o1 o2 —va) constant
’
b=
7‘”+kf07‘=0 1
- 2 )
v= 2k(lnw)
._a+bh
vo=
r c+dv
w=—
T2
{w;z} = 2kfo

(bc — ad)v™ = (d? fo + B*k)v*? + 2(cdfy + abk)v* + *fy + o’k

Figure 1. Properties of the Riccati equation.
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then the singularity manifold equation is obtained directly from (2.3) through:

1
= —(1 , 29
u=50ng,), 29)
In this case (2.4) and (2.9) imply
¢ =w" (2.10)

The (2 + 1)-dimensional case is rather more complicated. Let us consider non-linear
evolution equations in the form:

9, =H (q,qx,q),qxx,qu,fqy dx,.--). (2.11)

As in Nucci (1988b), we assume there exists a pseudopotential u = u(x, y,t) such that:

u, =F (u,q,fuy dx,fudx) (2.12q)
u, = [G (u,q,qx,fuy dx,...)] (2.12b)

with the requirement u,, = u,, whenever (2.11) is satisfied. If we can impose F to be
a polynomial of second order in u with constant coefficient for u?, say k, then (2.4)
could be applied to (2.12), which will give the Lax equations for (2.11). If the equation
satisfied by u is invariant under (2.5), then combining

u;=F(u‘sq‘3fu;dx5fu‘dx) (2'13)

and (2.12a) by means of (2.5), we obtain the spatial part of an auto-Bidcklund trans-
formation for (2.11), ¢* being another solution of (2.11). Finally, we get the singularity
manifold equation for (2.11) from the Lax equations through (2.7), as in 1+1 dimen-
sions. It should be remarked that (2.10) is not true in 2+1 dimensions, because the
Wronskian of y; and y, with respect to x is never equal to one.

3. Examples in 141 dimensions

Here the results of §2 are applied to some non-linear evolution equations in 141
dimensions: Burgers (figure 2), Kdv (figure 3), modified Kdv (figure 4), Harry Dym
(figure 5), a higher-order Kdv (figure 6), SK (figure 7) and KK (figure 8) equations.
Their pseudopotentials represent a wide range of possible cases, because they have
properties different from each other. In the cases of Kdv, Harry Dym (for which we
obtain a singularity manifold equation unknown in the literature) and a higher-order
KdV equation, the singularity manifold equation is obtained by either (2.7) or (2.9). In
the cases of Burgers and modified Kdv equations, there is no pseudopotential such that
(2.8) is true: their singularity manifold equations are obtained, respectively, by (2.7)
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| Burgers equation |

| @ = Qoz + 99 ——

- O
U=y b=t 7%
Up = Ugy + UU, '<=ﬁ
u:—(%) ﬂt:(qz-;uq)
| | —— d=(n¢.),
v =2(lny), u=gq"
t = —2(1 A,
’l’u=%¢’: “ (n‘lp)
)-1: Ve = o i
_ - ¢\ v
¢¢—2¢'s wu _(q:—Z—)‘i
A bo=-24+ 14
T
2
| ]
¢=/¢3"dz
|

) _1 “‘_3) _ (?1) -
(m), 2(4:: G ek =0

Figure 2. Properties of the Burgers equation. More details can be found in Nucci (1990).
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| Korteweg—de Vries equation |

[ Gt = Qzzz — 69¢: }—_——"——

up =g - u? ul =g —u?
Uy = (u:: - 21‘3): =1
u = (g: — 2ug), up = (qz - 2u’g"),
u=(lny),
wzz = Q’J’
u=-Yng,),
u” = —u
Yo = —2q¢¥: + ;¥
)
? _J o
ﬂ = {¢o z} 1 2
e ' f1+9'=§(/(q—q')dz)

Figure 3. Properties of the Korteweg—de Vries equation. Note that the pseudopotential
satisfies the modified Kdv equation.
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Modified Korteweg—de Vries equation

S D

s = —2uq + u? ul = —2u"q" + u*?

ue = (—2ug, — 2ug?), u* = —y uf = (—2u’q} ~ 2u¢*?),

g—¢" = exp (—/(q+q‘)dr)

u=—(ln¢), thy = [2(¢: — ¢*)i + ¢oz — 2¢¢:):

Yoo = ~2q4; 4= —(1!112');
¥

o = vz} |

d’ = —2((J= + q’)wz - N
‘ Yoz = _(q: - qz)d)

d;t = 2(9: - q’)'&: - (q::z - 2?9:)1[;

Figure 4. Properties of the modified Korteweg—de Vries equation. Note that { is the
spectral function, while y is the trivial one.
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Harry Dym equation

’ 9t = qGrzz I

Uz = _q-2 - u2

4 = (2; — duq),

l

u=(Iny),

|

Yoz = —q_2¢’

u=-1(lng,),
Yy = _4qw1 + 2¢:9

lw
7l
*= 0

1

(:;) B {4»3;2:}

Figure 5. Properties of the Harry Dym equation. Note that although this equation does not
possess the Painleve property (Weiss 1983), a ‘singularity manifold equation’ is nevertheless
obtained.
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[ A higher-order Korteweg-de Vries equation J

[ gt = (Qzzzz + 5¢2 + 109g. + 10¢°), }'——_——“—

uz = g+ u? ul = ¢ +u*?

U = (qxzz + 2ugzz + 699 + G“qz);

4] = (g3s; + 2073, + 6¢7¢2 + 6u¢*?),

l

u=—(lny),;

l

Y2z = —q¥

u= %(ln bz)x
u*' = ~-u
Y= 2((1:: + 3?’)'&: - (q::z + ﬁqqz)iﬁ

% = {¢;z}:= + g{¢;3}2

g+q¢ = —é(/(q—q‘)dvz)2

Figure 6. Properties of the higher-order Korteweg—de Vries equation. Morris (1977) used
the differential form approach (Corones and Testa 1976) to generate the Lax equations. All

the above results can be easily obtained for the entire KdV hierarchy (Rogers and Nucci
1986).
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L Sawada-Kotera equation j

gt = (q.zzzz + 5qq:: + %qa)z

Uy = g+ u?

U = (uzzzz — Suptzr — 5“214;, - 51“43. + u5)z

U = (Qozz + 202 + 99 + g?),

l 1 |

u=—(lny), u=i(lngs): u=—(Iné,),
b:
Yoz = —q¥ 0— = {9; z}z: + 4{0;1'}2
2 9::: - 0;::
Y = (2422 + )%z — (rez + 94 )¢ 9=—"p" ¢ =-3F
¢= ﬁ—; g =01
%~ (oisen+ Hosap 2(Q2: - Que) + (@7~ (@3 +Q2) + H(@" = QP =0

Figure 7. Properties of the Sawada-Kotera equation. Note that the singularity manifold

equation is given by 6. The equation satisfied by ¢ is the singularity manifold equation of
the KK equation (see figure 8).
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Kaup—Kuperschmidt equation

G = (szzz + 5qq:: + 14z + %(13):

15 .2
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t — o - 3
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&

=% 342 ‘o (oha) o 30
V2 9=-{#z}- 15 q =—{¢;z}—z%2—

_01 = {0; I}zz + 4{0;3}2
T ¢n = ¢-1

|

2AQ - Q)(Qz: = Qu) + (" - QQ: + Q=) - H(@: - Q) + H(Q@* - Q) =0

Figure 8. Properties of the Kaup-Kuperschmidt equation. Note that § is the spectral

function.
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(Nucci 1990) and by the trivial spectral function itself (¢ = y); yet, for each of them,
there exists a pseudopotential & such that (Nucci 1989):
i, = ki* + F(g,9,) (3.1a)

A

i, = G, 0, Gy s s+ ) (3.1b)

Then, their singularity manifold equations can also be obtained by

.1
i = - (n g, (3.2)

In the case of the SK equation, there exists a pseudopotential such that (2.8) is true,
but the singularity manifold equation of the KK equation is obtained by either (2.7)
or (2.9). In the case of the KK equation, we have an analogous cross result, because
the SK and KK equations possess a common pseudopotential (Nucci 1988b). Here and
throughout this paper the spectral parameter is taken equal to zero to simplify the
calculations; only the spatial part of the auto-Bécklund transformations is considered;
{¢; x} represents the Schwarzian derivative of ¢, i.e.

e (5) 45
and Q = [ gdx, Q" =[g" dx.

Remark. In the cases of the Harry Dym, SK and KK equations, the equation satisfied
by the pseudopotential is not invariant under (2.5). In Nucci (1988a), the auto-
Bicklund transformations given are actually trivial: there is a sign mistake. In the
case of the Harry Dym equation, only trivial auto-Bécklund transformations are
found. A reciprocal auto-Bidcklund transformation, which involves the independent
variables, was determined in Rogers and Wong (1984). Its generalisation to 2+1
dimensions is given in Rogers (1987). In the case of both SK and KK equations,
the auto-Béacklund transformations (Rogers and Carillo 1987) are obtained by the
corresponding singularity manifold equations and their invariance under the Mbius
group.

4. Examples in 2+1 dimensions

Here the results of §2 are applied to some non-linear evolution equations in 2+1
dimensions: KP (figure 9), Boussinesq (figure 10), modified KP (figure 11) and (2 + 1)-
dimensional SK (figure 12) equations. In the case of the KP equation, the singularity
manifold equation is obtained by (2.7). The Boussinesq equation is not an evolution
equation in 241 dimensions, but it is linked to the KP equation by a transformation
involving the independent variables, i.e. t = 0, y = 7. Then the results obtained for the
KP equation yield those for the Boussinesq equation. In the case of the modified KP
equation, the singularity manifold equation is satisfied by the spectral function itself
(¢ = ). In the case of the (2 + 1)-dimensional SK equation, the singularity manifold
equation is given by the spectral function @ itself because of the third-order scattering
problem.
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| Kadomtsev—Petviashvili equation

Qt=qzzz_6qqz+3/qwdz

u,:q—u’—/u,dz_ u;=q‘—u"+/u;dz
u = (q,—2uq-—4u,—4u/u,dz+3/q,dz)z ul = (q;—2u‘q‘+4u;+4u‘/u;dz-—3/q;dz)’
u=(ln¢),
Yz = q¥ — ¥y .
' = -y

vo= 20+ (0043 [a dz) ¥ - dvsy

n (@ - Q) - 2(@: +Q2) -2 (@5 - Q)dz =0

Figure 9. Properties of the Kadomtsev-Petviashvili equation. In Morris (1976b) the
differential form approach was used to generate the Lax equations.
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i Boussinesq equation
9z 9
qTT+(_— =0
3 T
u,-q—u’—/u,dz u;=q'—u‘2+/u:dx
=% _ Y _ 3 N AL B 3¢.
Ur =7 U/U7d1+4/qfdz u; —4+ 5 —u/u,dm+4/q,dz
u=(lny),
w"=qw+wzz .
u® = ~uy

3 3
Yrzr = —Eqwz - Z (q: + /QT df) ¥

o= (@ -QF -2AQ+Q:)-2[(@-Q)dz=0

Figure 10, Properties of the Boussinesq equation. In Morris (1976a) the differential form
approach was used to generate the Lax equations.
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| Modified Kadomtsev—Petviashvili equation |

Gt = Qzzz — 642Q= + 3_/(1,,,, dz

u,=-2uq+u’-—/u,dz T— u;=—2u'q'+u"2+/u;dz

u = (-2uq,—2uq7—4u,,—4(q—u)/u,dz—6u/q,,dz)
z

|

u=—(Iny), ut = —u
Yz = -2q¢; — '/’u

Py = -2 (qz +¢*+ 3/qyd=) Yz — 492y — 4y

37

e i003] () w32

(92 - @) + exp(~(Q" + @) + exp(Q” + Q) [(Q5 + @y expl~(Q" + Q)] dz = 0

Figure 11. Properties of the modified Kadomtsev-Petviashvili equation. Note that y is the
spectral function which satisfies the singularity manifold equation. The equation for u; is
not shown.
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| (2+1)-dimensional Sawada-Kotera equation |

@t = (Qezee + 509z= + 3¢° + 5¢ay)e — 5 / gy dz + 599, + 5¢: / gydz

“s=q+u’-ef"d'/(/u,dz)e‘f“d’dz

= (¢I=u+2uq==+uq’+qq=+4q,+5u/q,dz-3q/u,dz+3q,ef““/ (./uvdz) e'f“d"'dz

—Qef““/[/u,,dz- (/u,dz) ] fmdac)==

l
-(Iné;);
l

eee = —q6: — oy

0 = —3qz0zr ~ (qu -g'- 5/% dz) Oz + 90:y + 648,
3

—-{a 2}z - 4{6; z}’-5(§“) ] - 10{6;2} (%l),”(%f) =0

_ b B,
=", "%
T £ - o
q.__n‘::__g_
: &

- Q2@ - Qe+ Q2+ Qe+ H(Q - QP +2 /(@5 - Q)dz =0

Figure 12. Properties of the (2+ 1)-dimensional Sawada—Kotera equation. Note that 8 is the
spectral function (third-order scattering problem) which satisfies the singularity manifold
equation. The auto-Bdcklund transformation is given through the singularity manifold
equation and its invariance under the M&bius group.
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